Linear finite-difference discretizations that
preserve positivity and boundedness

J. E. Macias-Diaz

jemacias@correo.uaa.mx

Departamento de Matematicas y Fisica
' Centro de Ciencias Bésicas
Universidad Auténoma de Aguascalientes

Undergraduate Research Seminars
School of Engineering, University of Basilicata

June 8-12, 2015

J. E. Macias-Diaz Universidad Autonoma de Aguascalientes

LINEAR FINITE-DIFFERENCE DISCRETIZATIONS THAT PRESERVE POSITIVITY AND BOUNDEDNESS



Let Q be an open and bounded set in R2. The problem of interest is the following
initial-boundary-value problem:

ou
a—(x, t) =f(x,t,u,Vu), Xx€Q,teR,

u(x,0) = ¢(x), xeqQ,
u(x, t) =9(x,t), xe€dQ,teRr.

Alternative problem

After integrating with respect to t on both sides, we reach the equivalent problem
t
u(x, t) = u(x, 0) +/ f(x,t,u,Vu)dt, x€Q,teR",
0
u(x,t) = (x,t), xe€oQ,teRT,

which is a boundary-value problem.
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Preliminaries

Nomenclature

@ Q C R"is open, bounded and connected.
@ o, € Rsuchthat o, 3 > 1, and § € R satisfies 0 < § < 1.
@ D:[0,1) — Ris the function

Yu e [0,1).

@ r: Q x Rt — Ris acontinuous function such that0 < r < 1.

u: Q x RT — Ris a twice-differentiable function satisfying

Z—L; =V - (D(u)Vu) +ru, V(x,t) € QxRT,
u(x,0) = p(x), vx € Q.
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Preliminaries

Let F: [0,1) — R be defined by the expression

u B
F(u):/0 (1‘_’7\/)adv, vu € [0,1).

Theorem

Suppose that ¢ > 0 is a function such that ¢ € L*>°(Q2), F(¢) € H&(Q), and
llellLoo (@) < 1.
There exists a unique solution u satisfying:
@ uc L°(Q xRT)NC([0, x0), L2(R)).
Q F(u) e LR, H'(Q)) N C([0, 00), L3(R)).
© 0 < u(x,t) <1forevery (x,t) € Q x RY.
Q llull oo (@xrty < 1.
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Preliminaries

Dimensional restriction

We will restrict our attention to the (2 + 1)-dimensional case.

Nomenclature

@ Q=ab] x[c,d] C R?, fora,b,c,d € Rsuchthata< band c < d.
@ Fix uniform partitions
a=x<xX<..<Xxm<...<xy=bh,
C=Yo<y1<...<yn<...<yny=d.
@ Fix auniform partiton0 =t <t < ... <tH <...
@ Let Ax, Ay and At be the respective step-sizes, let U:’%,n ~ U(Xm, Yn, tk)-
@ Define the finite-difference operators

k
um,n+1

Ay

k+1
ko _

- U;(nn
. ) Otum#n -

- k o
éyumn -

Um,n — Um,n

At

k
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Preliminaries

Finite-difference scheme

51“57./7 - 6X(D(uf‘"71,n)6xu,’;t ) + 5y(D( m,n—1 )5}/U,l;7,+,71,1) + r/[;7An1 ur’%.m

uk o —uk =0, vm € Zy,

uk = puk =0, VmeZy,

ug?n —wuk =0, Vn e %N,

uﬂk,,‘,n = £u;\‘/,7w =0, VnecZy, B

uk, o = o(Xm, ¥n), Ym € Zy,¥n € Zy.

where
® V- (D(u)Vu) ~ 5(D(u,_; )oxulSt, )+ 6, (D(uk, ,_ oyl ).

@ (Xm, Yn, tk1)U(Xm, Yn, fk+1) rist ul, . with it = r(xm, yn, tier)-
v

Boundary conditions

@ )\, u, v, ¢ referto (xm, a), (Xm, b), (¢, yn) and (d, yn), respectively.
@ Each constant = 0 in case of Dirichlet conditions, and = 1 in case of Neumann.
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Preliminaries

Foreveryme Zy, nc€ Zyand k € Z', let

"l’/l;,n,z = _RzD(Um n) zZ=X,Y,
(bﬁr.n = 1+(HX+H,V)D( mn)+HXD(U 71n)+R}’D( mn—1)
Xll%.n = 1 + rF’;T[J At,
where
o At
© (82

Implicit representation

| \

Foreveryme Zy,nc€ Zyand k € Z

Ik k+1 1k k+1 k+1
¥ m—1An,xum—1,n + Ym,n—1 Wy U n—1 + ¢m nUm,

k+1 k+1 _ k k
l/)m nyYm n+1 + wm.ntx m+i,n Xm,nUm,n-
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Preliminaries

Forward-difference stencil of the method around (xm, yn, fx). The circles at time { are
the known approximations, while those at time #, 1 are unknowns.
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Representation

Vector notation

@ Let uX be the vector of the approximate solution at the time t,, namely, let
k _ (kK Kk k ok k Kk Kk Kk
u* = (Ug,g, Up 1s---» Ug s Ut oo Ug gs e o> U Ns -5 Ungos Ung 1o - - -0 Upg )

@ Let / be the identity matrix of size (N + 1) x (N + 1).

For every m € Zy and every k € 7", let BK, be the matrix of the same size as / given

by
0 o0 0 0 0
0 xk, 0 0 0
0 0 Xk, 0 0
Bk = ’
0 0 0 Xt O
0 o 0 0 0
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Representation

Let BX be the matrix defined by blocks through

0| 0 o - 0 0 0
0[BF]o -~ o0 0 o0
0 0 [Bf]--- o0 0 0
Bk = : : : . : : :
s Bt

M—1
0 O 0 0 0 0

@ BKis a square matrix with (M + 1)(N + 1) rows.

@ Here, the symbol 0 in the definition of B represents the zero matrix of size
(N+1) x (N+1).
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Representation

In addition, for every m € Zy and k € 7", we define the matrices Ak and CK, of sizes
(N+1)x (N+1) by

1 -2 0 0 0
Vimoy  Pmi Ymiy 0 0
0 Why, Wk, o0 0
A 1, :
'm . . . ’
0 0 0 ¢lr(n,N—1 wﬁn,N—Ly
0 0 0 —n 1
0 0 0 0 0
Wn O o 0
0 0wk, 0 0
ck = o
0 0 0 WK i, O
0 0 0 0 0
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Representation

For every k € Z+, define the block matrix

I | =vl| 0 0 - 0 0 0
CElAFTI ¢k lo -+ 0 0 0
e ck [AST[Cck]-- o 0 0
0 o0 0 0 - [Cho A ] CR
0 0 0o 0 - 0 =& I

The method is given by the recursive system of vector equations

Altuktl — Bkuk, vk e Z7,
u = up.

@ Here, ug represents the vector of initial approximations.

@ The vector equation is solved using the stabilized bi-conjugate gradient method.

v
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By an M-matrix we mean a square, real matrix A which satisfies all of the following:
@ The off-diagonal elements of A are non-positive numbers.
© The diagonal entries of A are positive numbers.
© Ais strictly diagonally dominant.

Proposition

Every M-matrix is nonsingular, and all the entries of its inverse matrix are positive
numbers. O

4

@ We say that x > 0 if all its entries are positive numbers.

@ We use the notation x < 1 meaning that each of the components of this vector
are less than 1. Evidently, x < 1 if and only ife — x > 0, wheree = (1,1,...,1).

@ The notation 0 < x < 1 represents the fact that x > 0 and x < 1.

\
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Let k € Z ', and suppose that 0 < uX < 1. Then AK*1 is an M-matrix.

Notice that the function D is positive in (0, 1). Therefore, the off-diagonal elements of
AK+1 are non-positive, and its diagonal elements are positive. The fact that this matrix
is strictly diagonally dominant is immediate, also.

Proposition

| A

Let ¢ and r be nonnegative functions such that ¢ < 1. For each k € 7", let (At)k be
the temporal step-size in the kth iteration. If 0 > u® < 1 and the inequality

rﬁl.nufn.n(A[)k <1- urkrun

is satisfied for every m € Zy, n € Zy and k € Z*, then 0 < uk < 1.
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Proof (positivity).

The conclusion is obviously true when k = 0. Suppose that 0 < uX < 1, for some
k € Z". By the lemma, A+ is an M-matrix. By hypothesis, Xl is positive for every

m € Zy and n € Zy. Consequently, BXuX is a positive vector, whence
ukt! = (A1 =1 Bkuk is likewise positive.

| N

Proof (boundedness).

Let wht! = e — uf*t1. A substitution in the vector form of the method yields
Ak+1 wk+1 _ bk+1

where bft+1 = Ak+1e — Bkuk. The first and the last N + 1 rows of bX*1, as well as
those labeled m(N + 1) + 1 and (m + 1)(N + 1) are nonnegative for every m € Zy;
the components of the remaining rows are of the form 1 — (1 + (At)krk ,)uk, . for
suitable m € Zy, and n € Zy, and the positivity of these components follows by
hypothesis. The fact that wX*1 is positive follows as a result from the fact the Akt is
an M-matrix, whence ukt! < 1. The result is readily established by induction.

A\
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sional example

Two simulations of biofilm growth with § =1 x 104, a = 3 =2, r = 0.15.
Computationally, Ax = 0.005, At = 0.025.
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Preliminaries Representation Results

Two-dimensional example

>.- &) n 05
x %
>WE &h E

x

Simulation of biofilm growth with 6 = 1 x 10=%, o = 8 = 2, r = 0.12, at the times
t=0,8,10,11,12,13. Computationally, Ax = Ay = 0.025, At = 0.05.

% x
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Preliminaries Representation Results

Two-dimensional example

x
N >.5.‘ )5
x x

Simulation of biofilm growth with § = 1 x 10=%, a = 8 = 2, r = 0.09, at the times
t=7,9,11,13. Computationally, Ax = Ay = 0.025, At = 0.05. The initial profile was
nonzero at 10 random points (with random heights) on the left boundary.
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Preliminaries

Nomenclature

@ Q C R"is open, bounded and connected.

@ o, Rsuchthata, 8 >1,and dy,dr € Rsatisfy0 < di < 1and 0 < db < 1.
K1, Ko, K3 and K4 are nonnegative constants.

@ D:[0,1) — Ris the function

vu e [o,1).

u,s: Q x RY — R are twice-differentiable functions satisfying

s _ s(x, tyu(x, t)
QT(X’ ) = dV3s(x,t) — K; T sD
%(x, f) = V- (D(ux, )Vu(x, ) — Ko + Ks%s‘m.

s(x,t) =1, u(x,t) =0, VxeodQ,vt>0,
S(X, 0) = SO(X)v U(X,O) = Uo(x), vx € Q,

J. E. Macias-Diaz Universidad Autonoma de Aguascalientes

LINEAR FINITE-DIFFERENCE DISCRETIZATIONS THAT PRESERVE POSITIVITY AND BOUNDEDNESS



Preliminaries

Let F : [0,1) — R be defined by the expression

u vB
F(u):/0 de, Yu € [0,1).

Theorem

Let sg and ug satisfy the following conditions:
@ sp € L®(Q)NH'(Q)and 0 < sp(x) < 1 for every x € Q,
@ up € L°°(Q) and F(uo) € HI(R),
@ up(x) > 0forevery x € 2, and ||Upll o) < 1.
Then, there exists a unique solution of our problem satisfying the following properties:
@ s,uc QxRN C(LA(Q),]0,x)),
Q s, F(u) € L2(H'(Q),Rt) N C(L3(R), [0, 0)),
© 0 < s(x, 1), u(x, 1) < 1forevery (x,1) € Q x R*, and ||ul| oo (qxr+) < 1-
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Preliminaries

Dimensional restriction

We will restrict our attention to the (2 + 1)-dimensional case.

Nomenclature

@ Q=[ab] x [c,d] C R?, fora,b,c,d € R such thata < band ¢ < d.
@ Fix uniform partitions

a=Xx <X <...<Xm<...<Xy=b,
C=Y<y1<...<yn<...<yn=d.

@ Fix a uniform partiton 0 =fh < ff < ... < f < ... 0f [0, 00).
@ Let Ax, Ay and At be the respective step-sizes, let

Ufn & U(Xm, Yo, b,
sr};,n ~  S(Xm, Yn, t).
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Preliminaries

Nonstandard finite diferences

Define the operators
+ k =+, k+1 + k =+ k+1
€ Unn= D(/’LX Um n)0x Um+n: €y Unnp= D(:“y um n)6 Um,n s
— 1k — 1k
Uk — 6X Um,n + €x Unn Uk — Ey Um,n + €y Unn
X = 3 =2
m,n AX ’ YYm,n Ay
v
Numerical method
@) 4 5@kt _ g, UnnSin
+ ok — +
‘51 Smpn = di (6x ""(Sy )Smn Ki——%—
Ka + sl
k SK UK+1
1 m,n
(S?U,’%_’n = d("x+‘y)umn KQU + +K37K J,»S 5
4 m,n
k K k '
ST,O Sk m,N — Sok,n Sl\ﬁ n 1
urn,O = um,N 7 uO.n 7 uM,n =0
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Preliminaries

Forevery me Zy, n€ Zy and k € Z*, let

K
k (1) (1)
= 142R{" +2RMW + KiAt—20
¢m,n X y 1 K, +Sﬁn,n
k,+ 2
Umnz = RAOD(uFufn),
k
k k,—
Xm, = 1+ ’l,[) o, —|—’l,[1’,7 —‘rKgAt—KgAti,
m,n zzxy( m,n,z ng) K4+S,,§,1yn
i At
RV = g , ie{1,2},z=x,y.
£ e {1.2} y

(1) gk+1 (1) k+1 Kk (1) gk+1 (1) ok+1 _ k-1
=R sy 0 — By Sminq + ém, nShin By san SRS = s,
k K+1 ko K1 k+1,
1/) =l nxum i, n+wm,nf1yumn 1 +omnu nt
Lk K41 k+1 _ ok gk
Ym,nyYm st T 7“‘}ffk,n.xumq n =  XmnUm,n-
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Representation

Vector notation

@ Let v¥ be the juxtaposition of the vectors

Sk

kK ok k ok ok K k ok K
(50,0:50,1> -+~ + S0,N5 51,00 51,15+ -+ » STN» -+ 5 SM,00 SM, 15+ - - » SN

kK _ k ik Kk ko k K K K K
ut = (UgosUp,1s---» Uons Us o Ut 1y s Ug s -5 Ung g Unggs - - - Upg )

@ Similarly, let v& be the juxtaposition of

= @y Dgeoonly T o000n i s Tpoo:
) ;
N + 1 entries N + 1 entries
k k
"'*,1731\/]71717"'7S[\/]717N717171717"'71)
N + 1 entries N1 entries
k k k
w® = (0,0,..., 0,0,uf 1,.--, Uy y_1,0,
_—
b3 1 Gt N + 1 entries

K K
cos 0, Uy g 4y Uy_g N—1:0,0,0,...,0).

N + 1 entries N + 1 entries
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Representation

Let / represent the identity matrix of size (N + 1) x (N + 1). For every m € Zy; and

every k € Z', let

0 o 0o - 0

o -”RM o 0

P °
0 o0 0 —RM

0 o 0 0

1 0 0 0

1 1
i ¢'k"61) ol Om
_ K _

Ef = DT dme R

0 0 0 0

0 0 0 0

J. E. Macias-Diaz
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0 0 0

0 0 0

0 0 0

(1) ' J(1)
—hy ¢f(n,N—1 —hy

0 0 1
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Representation

Define next the square matrix AX as the block matrix given by

IJ]o 0 0 -~ 0 0 0
C|[EF[C]O0 - 0 0 0
; O[C|EF[C]-- 0 0 0
Ak = L
0o 0 0 0 - [CJEf,]|C
0 0 0 0 0 7

Letk € {0,1,...,K}.
1. The off-diagonal elements of A¥ are non-positive numbers: 0, 7,:{)((1) or ,,q}())_

2. If all the numbers u,’;),, and sﬁm are non-negative, then the diagonal entries of A
are either equal to 1 or equal to some ¢’,§7’n. In either case, the entry is positive.

3. AXis strictly diagonally dominant when 2 above is satisfied.
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Representation

For every m € Zy and every k € Z ', let

0 0 0 0 0
0 —ypht 0 0 0
Y k,+
e _ |00 T¥mas o 0 0
m,z - . . . . . . )
T S S
0 0 0 0 0
1 0 0 0 0
K,— K,
“Umay X%A _wmj,y o 0 0
0 0 0 Xf(n,N—1 *I/’ﬁ{j/—uy
0 0 0 0 1
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Representation

Define next the square matrix BX as the block matrix given by

/ 0 0 0o - 0 0 0
Foo G TREF] o oo 0 0 0
. o [/ &R 0 0 0
; : : : g ; o

0 0 0 0 S LY Gl/\(/lq Fu—1x
0 0 0 0 0 0 T

1. The off-diagonal entries of BX are non-positive, being fwﬁ;f—,;z for z = x, y, or 0.

2. Let Kz3At < 1+ KxAt. The diagonal entries of BX are 1 or equal to some

k
S
Xn > 1+ Kot — KsAtKL”k > 1+ Ko At — K3At > 0.

4 Sm,n

3. Finally, if the hypothesis of 2 holds then BX is strictly diagonally dominant.
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Representation

Define the block matrix M¥ of size [2(M + 1)(N + 1)] x [2(M + 1)(N + 1)] through
x_ [ A0
= (Ge):
where the zeros represent zero matrices of sizes (M + 1)(N + 1) x (M +1)(N +1).

The method is given by the recursive system of vector equations

Mk = gk

@ Here, V0 is just the vector of discrete, initial conditions.
@ The technique proposed in this work is clearly implicit and linear.
@ The vector equation is solved using the stabilized bi-conjugate gradient method.
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By an M-matrix we mean a square, real matrix A which satisfies all of the following:
@ The off-diagonal elements of A are non-positive numbers.
© The diagonal entries of A are positive numbers.
© Ais strictly diagonally dominant.

Proposition

Every M-matrix is nonsingular, and all the entries of its inverse matrix are positive

numbers. D)

@ We say that x > 0 (resp. x > 0) if all its entries are positive (resp. non-negative)
numbers.

@ We use the notation x < 1 (resp. x < 1) meaning that each of the components of
this vector are less than (resp. less than or equal to) 1.

@ The notation 0 < x < 1 represents the fact that x > 0 and x < 1. Other
statements involving the other inequality symbols have analogous meanings.
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Letk € {0,1,...,K} and vk > 0. If K3At < 1 + Kx At then MX is an M-matrix.

Proposition

Lets® > 0and 0 < u® < 1. If K3At < 1 + KpAt then vk > 0, for every k > 0.
Moreover, every v¥ is positive if v0 > 0.

v
The vector v0 is non-negative by hypotheses. Suppose that v is also non-negative for
some k € {0,1,...,K — 1}. The lemma guarantees that Mk is an M-matrix, so all the
entries of its inverse are positive numbers. Observe also that v¥ inherits the

non-negativity to v&, whence we conclude that vA*" = (M*)~'vk is a non-negative
vector. The last statement of the proposition is analogous.

A\
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Let0 < vk < 1forsome k € {0,1,...,K — 1}. If 1 + KoAt — K3At — uf, , > 0 holds
foreveryme {1,....,M—1}andne {1,...,N—1},then 0 < vk+1 <1,

4

Observe firstly that KsAt < 1 + Ko At is satisfied under these hypotheses. Define

k+1 K+1

Xl =e— v

where e is the vector of the same dimension as v<*', all of whose components are
equal to 1. In terms of x, our method is rewritten as Mkxk+1 = bk, where

b% = Mke — vk.

The conditions in the hypothesis guarantee that the vector b” is non-negative. So, x+1
is also non-negative or, equivalently, vA+1 < 1. |

y
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Preliminaries Representation Results

Constant substrate

u(x,y,2.5)
ufxy,5)

u(x,y,7.5)
ux,y,10)

Simulation of biofilm growth with Q = [0,1] x [0,1], dj = K1 = Kz = K4 = 0,
dr = 0.0001, K3 = 0.4, = 8 = 4; Ax = Ay = 0.02 and At = 0.01.
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Preliminaries Representation Results

Variable substrate

ufx,y,0)

0 0s
>
Hos
5

ufx,y,10)

ufx,y,20)
ufx,y,30)
ufx,y,50)

y L
Simulation of biofilm growth with Q = [0, 1] x [0, 1], di = 0.002, d» = 0.0001,
Ki = 0.85, Ko = 0.0012, K3 = 0.4, Ky = 0.3, o« = 8 = 4; Ax = Ay = 0.02 and
At =0.01.
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Preliminaries Representation Results

Variable substrate
F ]D

ufx,y,0)
ufx,y,1)

Gos S g
>os. Sos %o
z x <
Z o Zos Zo
y ¥ ¥ ¥ y #®

Simulation of biofilm growth with Q = [0, 1] x [0, 1], d; = 0.0015, d> = 0.0001,
Ki = 0.65, Ko = 0.36, K3 = 0.2, Ky = 0.3, o« = 3 = 4; Ax = Ay = 0.02 and
At =0.01.
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Problem

where

Nomenclature

@ u: R xR — Ris twice differentiable, and u = u(x, t).

A

@ Physically, x represents position and t denotes time.
@ « € R is the advection/convection coefficient.

A

@ p € R satisfies p > 1.
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The following are known exact solutions.

Burgers-Fisher

- (ol (s -22))

Burgers-Fisher with p = 2, and oo = 0 (Newell-Whitehead-Segel)

Cy exp(%x) %) eXP(*%X)

= 3 5 3= C1,0,CeR
Crexp(5X) + Caexp(—5x) + Caexp(—51)

u(x,t)

v

@ The first solutions is a traveling-wave front connecting u = 0and u = 1.

@ There are existence-and-uniqueness theorems that guarantee the the presence
of traveling-wave solutions, but very few solutions known in exact form.
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Conventions

@ Fix a spatial domain D = [a, b] C R.
@ Fix uniform partitions and partition norms:

a=x<Xx<...<xy=b, Ax=(b—a)/N.
O=fh<h<..<k<...<o0, At>D0.

@ Let uX represent an approximation to u(xp, t).
v
Define the linear operators

o ust —uf

Otlp = .

ttn At

K K

sk — Upp1 — Up_4

oo 2Ax
k k
5@k _ Uni1 ~ 2up + Up_

X n (AX)2

Universidad Aut de Aguascalientes
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Preliminaries

Orders of consistency

@ u = 51Ué + O(At)
@ u, = s\ uk + O((ax)?).
@ Uy = 5P uk + O((ax)?).

4

Finite-difference scheme

siuk — a(uftPsuk — s@uk — f(ufty =0, vne{1,...,N—1},
uO_uo(xn) vne{1,...,N—1},
such that =¢(tk), VkeZt,
U%,— U(tk), VkeZr.

@ (p is the exact solution at t = 0.

@ ¢, :[0,00) — R are the Dirichlet boundary conditions on D (exact solution for
us).
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Conventions

@ The kth approximation is denoted by u% = (uf, uf, ..., uk).
@ Introduce the constants r = 0.5At/Ax and R = At/(Ax)2.
@ Let

a = ar(up, —usy),

bk = Ruf,,+(1-2R)uf +Ruf_,.

v

Equivalent formulation

The method may be rewritten as F, ,(uk*') = 0 for every n and k, where

Fok(u) = (AP — afuP + (1 — Atyu — bE.

Note: Thus, u’,‘,+1 represents geometrically a root of the function Fj, .
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Suppose that 2R < 1.

(A) If uk is positive, then F,, x(0) < 0 for every n.
(B) If |ajr < Rand uk < 1, then F, «(1) > 0, for every n.

(C) Ifpiseven, |a|r < Rand uX > —1, then Fnk(=1) <0, for every n.

Observe that |a|r < Rifand only if R+ ar > 0and R — ar > 0.
(A) The conclusion follows from the facts that bf; is positive and £, x(0) = —bk.

(B) After some calculations and using the fact that uk < 1, we obtain that
Fok(1)=1—(R+aruk, , — (1 —2R)uf — (R—ar)uk_, > 0.
(C) Inthis case, Fpy(—1) = —1— (R+ar)uf,, — (1 — 2R)uf — (R — ar)uk

g . n+1 n—1>
which is negative. O

y
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Lemma

Suppose that 2R < 1 and |a|r < R.
(A) 1f0 < uk < 1,then Fn.«x has arootin (0, 1), for every n.

(B) If pis an even number and —1 < uX < 1, then Fn.«x has arootin (—1,1), for
every n.

v

The proof is an immediate consequence of the continuity of each of the functions F, x,
the Intermediate Value Theorem and the previous lemma. O

v

This result proposes conditions under which u“*+' will be bounded within (0, 1) or
within (—1, 1) when u¥ is bounded within the same interval.
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Proposition

Suppose 2R < 1, and |a|r < R.
(A) Let0 < uC < 1. For every k, if uf, uf, € (0,1) then 0 < uk < 1.

(B) Let p be an even number and —1 < uX < 1. For every Kk, if ug, u,’{, € (—1,1) then
—1<uk <.

The proof is immediate. a

@ The condition |a|r < R holds if and only if |a|Ax < 2.

@ The conditions of the proposition assure that each F, x has roots within (0, 1)
and (—1, 1); however, they do not guarantee the uniqueness.

@ To show uniqueness, it is enough to guarantee that each F, x is increasing. a
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Lemma

(A) Ifuk € (0,1) and At + |a|rp < 1, then F, « is increasing in (0, 1).
(B) If piseven, uk € (—1,1), At + 2|a|rp < 1, then F, 4 is increasing in (—1,1).

v

Suppose (A) or (B). Then F, , (u) > —|al[uf, , — uk_ | +1 - At.
(A) F/ ((u) > —|ajro+1— At >0, for every u € (0,1).

(B)F/k(U)> —2]almp+1— At > 0, foreach u € (—1,1). H

v

Let2R < 1, and |a|r < R.

(A) Let0 <u® <1, At + |a|rp < 1, and u0 uN (0,1). There exists a unique
sequence {uk}¢° ' bounded within (0, 1).

(B) Letpbeeven, —1 < u® < 1and At + 2|a|rp < 1. Suppose that

uk, uf € (—1,1). There exists a unique {u¥}£° - bounded within (—1, 1). O
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Monotonicity and convergence

A method is monotonicity-preserving if for data u® < v°, then uk < vk for every k.

Lemma

Let 2R < 1 and |a|r < R. The method is monotonicity-preserving if either
(A) u® and the boundary data lie within / = (0, 1) and At + |a|rp < 1, or
(B) u® and the boundary data lie within / = (—1, 1), pis even and At + 2|a|rp < 1.

By proposition, {uk}22  {vk}ee | C I Letuk < vk and let wf = v — uk € R*. Let

ch = ar(vy n+1 — n 1)s dy = Ry, +1+(1*2R)Vn+'qvn 1

Each v is the root of G, x(v) = (At)vPH! — ckvP + (1 — At)v — d¥ in |. Let
Hpx : I — R be given by Hy, xk = G x — Fn k- It is readily checked that
(1 —2R)W, — (R— arwP)W! | <0,

Hpk(w) = —(R+ arwP )Wy nt1 —

for every w € I. So G, x < Fpx over I, whence uk*! < vk follows.

\
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Monotonicity and convergence

A method is temporally increasing (resp. decreasing) if uk < ukt! (resp. uk > ukt1)is
satisfied for every k whenever u® < u' (resp. u® > u')holds. A method which is
temporally increasing and decreasing is temporally monotone.

Proposition
Let2R < 1, and |a|r < R. The method is temporally monotone if either
(A) the initial and boundary conditions lie within / = (0, 1) and At + |«|rp < 1, or

(B) the initial and boundary conditions lie within / = (—1, 1), p is an even integer and
At +2|a|rp < 1.

Suppose that u® < u' belong to /, and that the numbers uf, uf ™, uk, uf™ € I satisfy
K1 K1

the inequalities uf < uf™"y uk < uit, for each k. If we let vk = u**" for each k, the

previous lemma implies that uX < vk for each k. It follows that the method is temporally
increasing. The fact that the method is temporally decreasing is proved analogously.
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Monotonicity and convergence

A vector x = (xo, X1, ..., Xn) is spatially increasing (resp. decreasing) when xn < Xp.1
(resp. xn > Xp41) is satisfied for every n. A method is spatially increasing (resp.
decreasing) if, for every spatially increasing (resp. decreasing) initial profile, the
successive approximations are spatially increasing (resp. decreasing). A spatially
increasing and decreasing method is called spatially monotone.

Let2R < 1, and |a|r < R. The method is spatially monotone if either
(A) the initial and boundary data lie within / = (0, 1) and At + |«|rp < 1, or
(B) the initial and boundary data lie within / = (—1,1), pis even and At + 2|a|rp < 1.1

Let u® be spatially increasing, and suppose that uf < uk < uf | < uk, for every k.
Let vk = (uf, uk, ... uf_,)and wk = (uf, uf, ..., uk). Evidently, v0 < w®, and
vk < wf and vf_, < wf_, hold for every k. We conclude by the lemma that vk < wk,

for every k. Equivalently, each vector u is spatially increasing.

v
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The following is a discrete form of the well-known Gronwall’s inequality.

Let K > 1, and suppose that A, B and Cx are nonnegative constants for each
k€ {0,1,...,K}. If (A+ B)At < K1 and if {wk} K satisfies
wk — wk=1 < AAtwk + BAtwk—1 + C,At, foreach k = 1,..., K then

K
max ‘Wk‘ < (WO e Az‘z C,) ?(A+B)T
1<k<K e

We define now the vectors

Kk K
2= (@2,
K K
uk o= (b Uk U,
foreach k = 0,1,..., K. Here, forevery n € {0,1,..., N}, we let uf = u(xs, t,), and

zK is the corresponding numerical approximation.
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Proposition

Suppose that the following inequalities hold:

At
Cy) At—2 1,
(C1) (Ax)? <
1 At
(Co) T lo| < 7(AX)27

At
(Ca) p (‘“‘zAx> <1
2

Assume that the function u € C;‘;t ([a, b] x [0, T]) is a positive solution of the

continuous problem such that ||u||cc < 1. Then there exists a constant C € R+ which
is independent of At and Ax, and there exists exactly one solution z of the
finite-difference method which converges to u, and that satisfies

max Huk fzkH < C(At+ (Ax)?).
0<k<K oo
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Feasibility of conditions

@ The first and third conditions of the proposition may be equivalently restated as
the inequalities

2
/ 1-—= A 1
©) (1- oz ) At <1,
, |al
— | A 1
(C3) p(ZAX) t<
respectively, which are satisfied for sufficiently small values of At.

@ The second condition of our main result is equivalent to the inequality

(Ch) %mmx < At,

which is valid for sufficiently small values of the computational parameter Ax.
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