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ON THE LAWS OF THE REFLEXION AND REFRACTION

OF LIGHT AT THE COMMON SURFACE OF TWO
NON-CRYSTALLIZED MEDIA.

M. CaucBY seems to have heen the first who saw fully
the utility of applying to the Theory of Light those formuls
which represent the motions of a system of molecules acting on
each other by mutually attractive and repulsive forces; sup-
posing always that in the mutual action of any two particles, the
particles may be regarded as points animated by forces divected
along the right line which joins them. This last supposition, if
applied to those compound particles, at least, which are separable
by mechanical division, scems rather restrictive ; as many phe-
nomena, those of crystallization for instance, seem to indicate
certain polarities in these particles, If, however, this were not
the case, we are so perfectly ignorant of the mode of action of
the elements of the luminiferous ether on each other, that it
would seem a nafer method to take some general physical princi-
ple a8 the besis of our reasoning, vather than assume certain
modes of action, which, after all, may be widely different from
the mechaniam employed by nature; more especially if this
principle include in itself, as a particulsr case, those before used
by M. Caucay and others, and also lead to a much more simple
_process of ctlculation, The principle selected as the basis of the
reasoning contained in the following paper is this: In whatever
way the elements of any material system may act upon each
other, if all the intenal forces excrted be multiplied by the
elements of their respective directions, the total sum for any
agsigned portion of the mass will always be the exact differential
of some function. But, this function being known, we can imme-
diately apply the general method given in the Mécaniyue Analy-
tique, and which appears to be more especially applicable to
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248 ON THE RRFLEXION AND REFRACTION OF LIGHT,

problems that relate to the motions of systems composed of an
immense number of particles mutually acting upon each other.
One of the advantages of this method, of great importance, is,
that we are necessarily led by the mero process of the caleu-
lation, and with little care on our part, to all the eguaticns
and conditions which are requisite and sufficient for the com-
plete solution of any problem to which it way be applied.

The present communication is confined almost entirely to the
consideration of non-crystallized media; for which it is proved,
that the function due to the molecular actions, in its most general
form, contains only two arbitrary coefficients, 4 avd B; the
values of which dopend of course on the unknown internal con-
stitution of the medium under consideration, and it wonld be
easy to shew, for the most general case, that any arbitrary dis-
turbance, excited in & very small portion of the mediom, would
in general give rise to two spherical waves, one propagated
entirely by normal, the other entirely by transverse, vibrations,
and such that if the velocity of transmission of the former wave
be represented by 4/4, that of the latter would be represcnted
by ¥B. Bat in the transmission of light through a prism,
though the wave which is propagated by normal vibrations were
incapable itself of affecting the eye, yet it would be capable
of giving rise to au ordinary wave of light propagated by

transverse vibrations, except in the extreme cases where % =0,

or}‘;, = g very large quantity ; which, for the sake of simplicity,
may be rogarded as infinite; and it is not difficult to prove
that the equilibrium of our medium would be unstable unless

%:-g . Wae are therefore compelled to adopt the latter value of

%, and thus to admit that in the lumiuiierous ether, the velocity
of transmission of waves propagated by normal vibrations is
very great compared with that of ordinary light,

The principal results obtained in this paper relats to the
tensity of the wave reflected st the common surface of two
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ON THE REFLEXION AND REFBACTION OF LIGHT 247

media, both for light polarized in and perpendicular to the plane
of incidence ; and likewise to the change of phase which takes
place when the reflexion becomes total. In the former case, our
values agres precisely with those given by Frosnel; supposing,
as he has done, that the direction of the actual motion of the
partieles of the luminiferous ether is perpendicular to the plane
of polarization. But it results from our formule, when the light
is polarized perpendicular to the plane of incidence, that the
expressions given by Fresnel arc only very near approximations ;
and that the intensity of the reflected wave will never becoms
absolutely null, but only attain a minimem value; which, in
the case of reflexion from water at the proper angle, is }y part
of that of the incident wave. This minimum value increases
rapidly, as the index of refraction increases, and thus the
quantity of light reflected at the polarizing angle, becomes con-
siderable for highly refracting substances, a fact which has been
long kuown to experimental philosophers.

Jt may be proper to observe, that M. Cauchy (Bulletin des
Seiecnces, 1830) has given a method of determining the inten-
sity of the waves reflected at the commou surface of two media.
He has since stated, (Nouveaunw Exercises des Muthématiques,)
that the hypothesis employed on that occasion is inndmissible,
and has promised in a future memoir, to give a new mediani-
cal principle applicable to this and other questions; but 1 have
not been able to learn whether such & memoir has yot ap-
peared. The first method consisted in eatisfying & part, and
only a part, of the conditions belonging to the surface of junc-
tion, and the consideration of the waves propagated by normal
vibrations was wholly overlooked, though it is easy to perceive,
that in general waves of this kind must necessarily be produced
when the incident wave is polarized perpendiculer to the plane
of incidence, in consequencs of the incident and refracted waves
being in different planes. Indeed, without introducing the
consideration of these last waves, it i3 impossible to satisfy
the whole of the conditions due to the surface of junction of
the two media. But when this consideration is introduced, the
whole of the conditions may be satisfied, and the principles
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given in the Mcanigus Anutytique became abundantly suffi-
cient for the solution of'the problem.

In conclusion, it may ‘be cbserved, that the vadius of the
sphere of senaible uction of the molecular forces has been re-
garded as insensible with respect to the length A of & wave
of light, and thus, for the sake of simplicity, cortain terms have
been disregarded on which tho different refrangibility of dii-
ferently coloured rays might le supposed to depend. These
terms, which are necessary to be considered when we are
treating of the dispersion, serve only to reuder our formuls
uselessly complex in other investigations respecting the pheno-

mena of light.
o -

Let us conceive 8 mass composed of an immense number of
molecules acting on each other by any kind of mulecular forces,
but which are sensible only at insensible distances, and let
moreover the whole system be quite free from all extraneous
action of every kind. Then , y and 2 being the co-ordinutes
of sny particle of the medium under consideration when in
equitibrium, and

ety Y+, z+w,

the co-ordinates of the same particle in a state of motion (where
u, v, and w are very small functions of the original co-ordi-
nates (z, y, £), of any particle and of the time (£), we get,
by combining D'Alembert’s priuciple with that of virual vee
locities,

7AT d% Ay
2Dm {32; Su + i Sv + 5

Dm and: Do being excoedingly small corresponding clements
of the mass and volume of the wedium, but which neverthe-
lesa coutain a very grest number of molecules, and §b the
exact differential of some function and entirely dne to the in-
ternal actions of the particles of the medium on each other,
Indeed, if 8¢ wers not an exact differential, a perpetual motion
would be possible, and we have every rcason to think, that

sw}zzpu. 5 oo (1) 3
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the forces in nature are go disposed as to render this a natural
impossibility,

Let us now take any clement of the medium, rectangulae
in a state of repose, aud of which the sides are dr, dy, dz; the
length of the sides eomposed of the same particles will in a
gtate of motion become

df =doll +3), df=dy(l+s), &=de(l+a);

where s,, s, 8, are exceedingly small quantities of the first order.
If, moreovey, we make,

- dy dr’ - d'
a cos<£,, 3.~.=oos<da,, o cos<dy ;
a, B, and v will be very small quantitics of the same order,
But, whatever may be the nature of the internal actions, if we
represent by

o¢ d= dy de,

the part of the second member of the equation (1), dus to the
molecules in the clement under conrideration, it is evident,
that ¢ will remain the same when all the sides and all the
angles of the parallelopiped, whoso sides are dz' dy’ dz', remain
unaltered, and therefors its most general valne must be of the
form

¢= function {8,, gy 85 @, B, 7}°

But s, &, 3,, 4, B, 4 being very small quantities of the
first order, we may expand ¢ in a very convergent series of
the form

p=¢+ ¢, + ¢yt ¢, + &e.:

$os Pys B,y &o. being homogencous functions of the six quan-
tities o, B, v, 8,, 4, 8, of the degrees 0, 1, 2, &e. euch of which
i8 very great compared with the next following one. 1fnow, p
represent the primitive density of the clement iz dy dz, we may
write p dedy dz in the place of Dm in the formula (1), which
will thus become, since ¢, is corntant.
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r Pu, Lo,
[[]o 2o ay szt sus o + 55 0]

= ﬂjdr dy dz (3, + o, + &e.)

the triple integrals extending over the whole volume of the
medium under consideration,

But by the supposition, when 4=0, v=0 and w=0, the
system is in equilibrium, and hence

Omﬂ dredy dz 8¢,

secing that ¢, is & homogeneous function of s,, s, &, a, B, 4
of the jfirst degrece ouly, If thercfore we neglect ¢,, ¢, &e.
which are exceedingly small compared with ¢,, our equation
becomes

.U pd dy s {(l'u d'” ; & +cf;£' Swi j J J“I‘CJ.'/ dz3¢y...(2)

the integrals extending over the whole volume under considera-
tion. The formula just found is trus for any number of media
comprised in this volume, provided the whole system be perfectly
frec from all extraneous forces, and subject only to its own mole-
cular actions,

If now we can obtain the value of §,, we shall only have to
apply the general methods given in the Mécanigus Analytique.
But ¢, being & homogeneous function of six quantities of the
second degree, will in its most general form contain 21 arbitrary
cosfficients. The proper value to be assigned to each will of
course: depend on the internal coustitation of the medium, If,
however, the medium be a non-crystallized one, the form of ¢,
will remain the same, whatever be the directions of the co-ordi-
nate axes in spaco. Applying this last consideration, we shall
find that the most general form of §, for non-crystallized bodies
containg only two arbitrary coefficients. In fact, by neglecting
quantities of the higher orders, it is pasy to perceive that
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_du 8ﬂdv dw
W=Tr =g N E

dw  dv dw  du _du dv
a= Tt & B=at "5t E

and if the medium is symmetrical with regard to the plane (zy)
only, ¢, will remain anchanged when —z and — w are written
for z and w. But this alteration evidently changes a and 8 to
~a and —~B. Similar observations apply to the planes (zz)
(y2). If thereforc the medium is merely symmotrical with
respect to euch of the three co-ordinate planes, we see that ¢,
must remain unaltered when

or ~g, —w, ~a, —f t, w, a, B
OF =Y, =Y, — & —7 ‘arc written for{ y, v, @,
or =@, ~ U, =P, —y x, % B, 9.

In this way the 21 coefficients are reduced to 9, and the re
sulting function is of the form

¢ (Z—E),Jr H ( :%;)*4» I (‘{;;)’4- Ld'+ MB' + A’

dy dw du dw pdu dv
+2Pt‘z“y.*d*;+20iﬁc“&'+zna.@=¢,... (4)s

Probably the function just obtained may belong to those
crystals which have three axes of clasticity at right angles to
each other,

Suppose now we further restrict the generality of our function
by making it symmetrical all round one axis, as that of s for
instance, By shifting the axis of z through the infinitely small

angie &0,
2 z +yd8
y } becomes {y — 250,

] Z
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81.{1}1 '—d-+895§;
d oy
@y L hecomes ¢ Jy_toh."
i | d

a7 ) Loz

and

u t +v30
v, hecomes {v-—-u&’.
w w

Making these subatitutions in (&), we sec that the form of ¢,
will not remain the same for the new axes, unless

G=H=3N+R,
L=M,

P=Q;
and thus we get

s+ (0} () e

+ N+ 21’(--) l‘f,“;) ‘flw (2G - 1) i" do

under which form it may possibly be applied to uniaxzal
crystals.

- (B);

Lastly, if we supposs the function ¢, symmetrical with respect
to all three axes, there results

G=H=I=2Y+R,
L=M=N,
P=Q=R;
and consequently,
di dv\*  sdw\*
{(,/;) (d;) +(:lw}}+]‘(“ +847)

dv dw du diwe  du dvi
+ (26 - 41) {:fJ da Tde d: Tl dﬁ’
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or, by morely changing the two constants and rostoring the
values of «, 8, aud ¥,

((du  dv\* (du  dw\' (dv  dw\'
“”1(2:;*3«;) +(Z+7) *(a:*a;)
dv dw  du dw du dv
“‘(Jy’-z-z; ‘oo & +a.;-ay)}
This is the most general form that ¢, can take for non-crys-
«allized hodies, in which it is perfectly indifferent in what direc-
tions the rectangular axes are placed, The same result might
be obtained from the most general value of ¢,, by the method
before used to make ¢, symmetrical all round the axis of 5, ap-
plied also to the other two axes, It was, indeed, thus I first
obtained it. The method given in the text, however, and which
i3 very similar to one used by M. Cauchy, is not only more sim-

ple, but has the advantage of furnishing two intermediate results,
which may possibly be of use on some future occasion,

et us now consider the particular case of two indefinitely
extended media, the surface of junction when in equilibrium
being a plane of infinite oxtent, horizontal (suppose), and which
we shall take as that of (y£), and conceive the axis of o positive
directed downwards. Then if p be the constant density of the
upper, and p, that of the lower medivm, ¢, and ¢, the corre-
aponding functions due to the molecular actions; the equation
(2) adapted to the present case will become

) 2,
[dexdydz {%; du + % Sv + %;&v}
du, . d', d*w
+ ]I{P‘dxdydz {-3-2-; bu‘+‘-&? Sv, + -a?‘dw,} ’

‘“f[f.d“dydfsf’g"'ffj.dxdydz¢,“‘ ......... 3);

w, v, w, belonging to the lower fluid, and the triple integrals
being extended over the whole volume of the fluids to which
they respectively belong.
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§t now only remains to substitute for ¢, and ¢ their valucs,
to effict the integrations by pavts, aud to equats separately 1o
z¢ro the coctlivicuts of the independent variations. Substituting
therefore for b, its value (€, wo get

[ dedyassg,

=~ A L { [ drdyds {({1_’5 +€é§ +($) Su . ddv | dbuw\

d
(:zz-' Tapt "a;'}}

iyl ) G T M e T ) B

u ddw  dw dbu du ddv dr dbn

-2 G e B¢ (4 L tow) o T

& hBtE Yy

)J

== [jaras . (G 4 5) 28 &+ 2>

--f dy dz {H(%‘-P%)&r +B(§§+%)8w}

}f :I.rdyda{xi;;. (%+%+ %)-F .B[g}‘ -l-%‘*%(%-& %g)]} . Ou

(44 (du, dv  dw d dv d (ds grg]}
"'IAdy'wa-*?i.r}*da)“’B[aa'*a?"ag(%w) %

d (du dv dw) dw o _d (du dv } .
+{Aa;.\a;+a§+z +B[a? + dy *a;.(dm-i'ag)] & ;
seeing that we may neglect the doabla integrals at the limits
P —-w, y=1w0, £=1w; asthe conditions imposed at these
limits cannot affect the motion of tha system at any fuite dis-
tance from the origin; and thus the double integrals belong
only to the eurface of junction, of which the equation, in a state
of equilibrium, is

Q=
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In like manner we get

f U dedydz 5,

_ _ , fdu,  dv,  dw) 4o, dw‘}

+ f fdyda { B (j; ¥ Z;) 5o, + B(‘% + if,‘%) Sw,}

+ the triple integral ;

pince it is the eas: value of x which belongs to the surface of
junction in the lnwer medium, and therefore the double integrals
betonging to the limiting surface must have their signs changed.

If, now, we substitute the preceding expression in (3), equate
separately to zero the coefficieuts of the independent variation
3u, Sv, Sw, under the triple sign of integratior, there results for
the upper medimm

du_d (du dy  du\, pfds du d (dv  do
Pa‘ﬁ“-"az-(n*@*3;)*3{;"+zz:f"d.;~(;zg+7is)}

d_ ,d (d dy  dv (d% d'v d (du dw\]l .
P zz‘zi”“zz‘,“-(wa;*a;)*” 1.'25';*“2?“2;,-(3‘5*2;);“‘)’
d*w _,d (du dv  dv dw dw d [de, dn\]

p-{ZF~AJ;(E+d£}+EE)+B{%—,+Z?”2;o E*‘Zy)} ;
and by equating the cocflicients of du,, &v,, &, we get three
similar equations for the lower medium,

To the six general equations just obtained, wa must add the
conditions dus to the snrface of junction of the two madia; and
at this surface we have first,

t=4, V=V, L=, (when z=0)......... (5} ;

and consequently,
Su=8u; dv=28v; Siw="bun,
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But the part of the equation (3) belonging to this surface,
and which yet remaina to be satiafied, is

0=~ [[dyas {4 d“+a§ + %) 23(%-; )}

+ﬂdydz{ (dz; Z;+dw) {dv (lw)Js

s [ dydz{ "“ + )8 +B(€’-‘-‘ .‘?g)sw}

+ [[ardo{B, (5 )0+ B, (G4 G2
and as &u = du,, &o,, we obtain, as before,

() an(Be

=4, (‘%*“@’*%") 25 (z“"‘a;)

B( dy-f-g"-’) =B (d“ +2”) ..... voee(8),
dw

u,  dw,
B(G+ %) B'(z:*“a‘;)*
and these belong to the particular value o= 0,

The six particular conditions (3) and (6), belonging to the
surface of junction of the two medis, combined with the six
general equations before obtained, are necessary and sufficient
for the complete determination of the motion of the two media,
supposing the initial state of each given, We shall not here
attempt their general solution, but merely consider the propa-
gation of a plane wave of infinite extent, accompanied by its
reflected and refracted waves, as in the preceding paper on
Sound,

Let the direction of the axis of z, which yet remains arbi-
trary, be taken parallel to the intersection of the plane of the
incident wave with the surfacc of junction, and suppose the dis-

A
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turbance of the particles to be wholly in the direction of the
axis of z, which is the caso with light polarized in the plune of
incidence, accurding w Fresnel, Then we have

Uy, Quv, 0=y, O=v;
and suppusing the disturbance the same for every point of the

game front of a wave, w and w, will be independent of 2, and
thus the three geucral equations (4) will all be satisfied if

o _ o {d’w 2w
P ddt }2'37'}
or by making ? =,
d'w dw  d'w
E-F:z { +E-y§-}... Creetrvenntaniien (7).

Similarly in the lower medium we have

d*e, d*w d’w} .
o {dx, G o8l

w, and 4, belonging to this medium,

It now remains to satisfy the conditions (3} and (6). Bat
these are all satisficd by the preceding values provided

w=1w,

Jw dw,
.B + =B, J:r:

The formule which we have obtained are quite general, and
will apply to the ordiusry elastic fluids by making 8#=0. But
for all the kuown gases, 4 is independent of the nature of the
gas, and consequently 4 =4, If, therefore, we suppoac 1= K,
at lesst when we consider those phenomena only which depend
merely on different stutes of the sume medium, us is the esse
with light, our conditions becoms*

w=10,

dw dw} (when 2=0)u e icinieeenni(9),
dz " dz

* Though for all kuown gnsen A in indepeudant of the nature of the gas,
pearheps it is extextc}iug the avalogy rnther too far, to awwwe that in the Jumini.

17
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The disturbance in the upper medinm which contains the

inoident and veflected wave, will bo represented, as in the case
of Sound, by

w=f(ex+dy +cf) + F(=az+ by +¢l);

S belonging to the incident, F to the reflected plane wave, and
¢ being & negutive quantity. Also in the lower medium,

w,=f, (a2 + by + cl).

These values evidently satisfy the general equation (7) and
(8), provided fm=q’ (a'+7%), and *=q'(a’+1"); we have
therefore enly to satisfy the conditions (9), which give

Sy +ct) + F by + ot} =, (by + of),
af" (by + cf) — al’ (by + oty = a.f" (by + ct).

Taking now the differential coefficient of the first equation,
and writing to abridge the charncteristics of the functions only,
we get

2f'=(l+%)ﬂ, wd 987 =(1-%)7,

and therefore
a

_ -

:éjlml a=¢‘;.-a‘==00t0‘-00te,__sin(a;“0).

S 4% @tae, cotf+cotd, ein(f+06)°
17

d and 6, being the angles of incidence and refraction,

This ratio Letween the intensity of the incident and reflected

farous ether the comstunts 4 and B must always be independent of tha state
of the other, as found In different refracting wubetances. Howevor, since this
bypothesis greatly simplifies the equations due to the surface of junction of the two
media, and is itself the most simple that could bae selected, it seemed natural finst
to deduce the cotisequences which follow from it before trying & move complicated
one, und, 75 far as T bave yet found, thess coustquences are iy accordance with
vhserved facts.
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waves i exactly the game as that for light polarized in the
plane of incidence (vide Airy's Tracts, p. 856%), and which Fresnel
supposes to be propagated by vibrations perpendiculur to the
plane of incidence, agreeably to what has been agsumed in the
foregoing process,

We will now limit the generality of the functions £, Fand £,
by supposing the law of the motion to be sirnilar to that of &
cycloidal pendulum; and if we farther suppose the angle of
incidence to be increased until the refracted wave ceases to be
transmitted in the regular way, a8 in our former paper on Sound,
the proper integral of the equation

d'w d'w,  d'w,
T+ g

0,2 %28 Bin Yoeiinen veverveens (10)4
where Y = by + ¢f, and o is determined by

y 0 = = B+ ) veearnnnnenns (L1),

will be

But ono of the conditions (9) will introdace sines and the
other cosines, in such a way that it will be impossible to satisfy
them unless we introduce both stnes and cosines into the value
of w, or, which amounts to the same, unless we maks

w = asin (az+by +ct+¢) + Bein (~az + by + ¢t +6)...(12),
in the first medium, instead of
10 %= g 8in (an+ by + of) + B oin (- az+ by +ct).

which would have been done had the refracted wave been trans-
mitted in the usual way, and consequently no exponential been
introduced into the value of w, We thus see the analytical
veason for what is called the change of phase which takes place
twhen the teflexion of light becomas total.

* [Airy on the Undulatory Theory of Opties, p. 109, Art. 128.]
172
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Substituting now (10) and (12), in the equations (9), and
proceeding precisoly ws for Bound, we ges

O0=acose—~ Beoge,
O=asine+ Isine,
al
S =asine—Being,
B=gcose+ Boose,

Hence there vosalts 2= 8, and ¢, = —~ ¢, and

!

taneuﬁv=t+ % tand.

b b
But by (11),

VAT BV

by introducing p the index of refraction, and @ the angle of
incidence. 'Thus,

aud as ¢ represents half the alteration of phase in passing from
the incident to the reflocted wave, we see that here also onr
result agrees precisely with Fresnel’s for light polarized in the
plave of incidence.  (Vide Airy's Tracls, p. 362%.)

Let us now conceive the direction of the transverse vibra-
tions in the incident wave to be perpendicular to the direction
in the case just considered ; and therefore that the actaal motions
of the particles are all parallel to the intersection of the plane of
incidence (zy) with the front of the wave, 'Then, as the planes
of the incident and refracted waves do not coincide, it is cusy to
perceive thav at the surface of junction there will, in this case,
be a vesolved part of the disturbance in the direction of the

* [Airy, ubi wup. p. 134 Arls 152.]



ON THE REFLEXION AND REFRACTION OF LIGHT. 261

normal ; and themfpre, besidea the incident wave, there will, in
general, be an accompunying reflected and refracted wave, in
which the vibrations are transverss, and another pair of accom-
panying veflected and refiscted waves, in which the directions
of the vibrations are normal to the fronts of the waves. In fact,
unless the consideration of the two latter waves is alse intro-
duced, it is imposaible to satisfy all the eonditions at the surface
of junctivn; and these are as essential to the complete solation
of the problem, as the general equations of motion,

The direction of the disturbance being in plane (ay) w =0,
and 48 the disturhance of every particle in the same front of o
wave is the same, v and » are independent of z. Hence, the
general equations (4) for the (st mediun becoms

]
- (g ri -3

where g‘a%, and 4'= %

These equations might be immediately employed in their

present form; but they will take a rather more simple form, by
making

U = ¢+%¢

Il eemereennen(18)
b dy
..J___..J

¢ and » being two functions of &, y, and ¢, to be determined.

By subatitation, we veadily see that the two preceding equa-
tions are equivalent to the system

St s(35)

: ereseeeessmmeenens(14),
- "’(fzg d;),' ) J
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In like manner, if in the second medium we make
e
” y SUSH ANV LHL BN 0000 VOO (lﬁ),

» u%_ﬂ'
' dy dx

we get to determine ¢, and +r, the equations
d’¢: ¢ _‘_p ¢.l ‘g?(#'
ae =Y (:u'* dy")
P TR ‘I".) ..................
= (@
and as wo suppose the constants 4 and B the same for both
media, we have
V.4,
7 9
For the complete determination of the motion in question, it
will be necessary to satisfy all the conditions dus to the surface
of junction of the two media. Bat, since w =0 and w,= 0, also,
since u,v, u,, v, are independent of 2, the equations (5) and (6)
become

u=u, v=0;

du  dv\ dv du,  dy, dv,
4 (d—";'{"@)—?B@wA (a"idy)-23@,

du  dv_du  dv,

dy dr dy  dz’
provided 2=0. But since z =0 in the last equations, we may
differentiate them with regard to ayy of the independent varia-
bles except @, and thus the two latter, in. consequence of the two
former, will become

du _du, dv v

&=l dd

Substituting now for u, v, &c., their values (13) and (15), in
¢ and ¥, the four resulting conditions relative to the surface of
junction of the two media may be written,
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dc ¥y dz dy

‘!S.b. ) ..é‘!’.:
dy " @ < (when 2= 0) ;
d'¢ i’j &', g_’i, ’
7 Al ~ dady
& _dy_d'¢ _dYy,
dzdy” & " dady ~ di? 4

or since we may differentiate with respect to y, the first and
fourth equatious give

d’i I s i Y
YU T

in like manner, the second and third give
d’¢> d*$ d'¢ d’d;

R e e L
which, in consequence of the general equations (14) and (16),
becorne

d

““b gw"' ‘de

Hence, the equivalent of the four conditions relative to the
surface of junction may be written

dz T dy” dz d’y
d$ dir de, d\ﬁ'
dy de" dy " dw | '
' I t (when 2=20) .ouveuees (17).
g gvde
v _dy,
Wé o e 4

It we examine the expressions (18) and (15), we shall sce
that the distarbances due to ¢ and ¢, are novrmal to the front of
the wave to which they belong, whilst thoss which are due to ¥,
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v, are transverse or wholly in the front of the wave. If the co-
efficients 4 and B did not differ greatly in inagnitude, waves
propagated by both kinds of vibrations must in general exist,
as was before observed. In this case, we should have in the
upper medinm

Y= flaw 4 by + o) + F (= a2 +2y + ¢f)

and p=x (—dw+by + ) }......(18);

and for the lower one

¥,=f (ax+by + cg)} o
$,=x.(a/x+by + ct) vornnnnseenenaend (19)s

The coeficients b and ¢ being the same for all the functions
to simplify the resnits, since the indeterminate cocflicients ¢,'z &
will allow the fronts of the waves to which they respectively
belong, to take any position that the nature of the problem may
require. The coefficient of x in F belonging to that reflected
wave, which, like the incident one, is propagated by transverse
vibrations would have been determined exactly like a,'s,d', as,
however, it evidently =—a, it was for the sake of simplicity
introduced immediately into our formulse.

By substitating the values just given in the general equa-
tions (14) and (16), there results

@ =(a'+ 1) of = (6} 4 B) o) = (@ 4+ 1) g = (0 + B g7,
we have thus the position of the fronts of the reflected and re-
fracted waves,

Tt now remains to satisfy the conditions due to the surface
of junction of the two media. Substituting, thereforc, the values
(18) aud (19) in the equations (17), we get

f“ + F” = ’%f‘vl'

xn = g_?x‘n;
- '-"X' +b (f '+ F ') = “"Xf + bfl"

b - a(f'- )=y o,/
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where to abridge, the characteristics only of the functions are
written,

By means ot the last four equations, we shall readily get the
values of I*"y" £y, in terms of £, and thus obtain the inten-
gitics of the two reflccted and two rifracted waves, when the
cocflicients 4 and B do not differ greatly in magnitude, and the
angle which the incident wave makes with the plane surface of
jonction js coutained within certain limits, But in the intro-

ductory remarks, it was shewn that ‘—gzs 4 very great quantity

which may be regarded as infinite, and therefore g and g, may
be regarded es infinite compared with v and . Hence, for all
angles of incidence except such ag are infinitely small, the waves
dependent on ¢ and ¢, ccase to be transmitted in the regular
way, We shall therclore, as before, restrain the generality of
our functions by supposing the law of the motion to be similar
to that of a cycloidal pendulum, and as two of the waves cease

to be transmitted in the regular way, we must supposc in the
upper medium

Y =asin (az+ by +ct+e) + Bsin (-am+by+ct+e,)}
and ¢=e%(dsinyg,+ Beos )’

and in the lower one

‘20);

¥, = a,8in (ax + by + ¢t 1)
¢= €98 (4,sin s, 4 Beomyyf TN
where to abridge ¥, = by 4- ot.

These substituted in the general equations (14) and (15),
give
Foof (@ + )=o) (@04 F) = g (0" +) = g} (=07 + 1),
or, sincs g and g, are both infinite,
b=d'=a
It only remains to substitutc the values (20), (21) in the

equations (17), which belong to the swface of junction, and
thus we get
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b4 sin e, + B cos ¥, + ba cos (Y, +6) + BB8cos (Y, +¢)
= b4 sing, — 5B, cos§, + bx, cos ¢r,,

b4 cos Y, ~ bB siny, ~ aa co8 (Y, + ¢} +af cos (Y, +8,)
w A, co8 v, —~bB, siny, — a2 co8 Y, viurennn..(22),

3,(41 siny, + Bews ) sgﬁ (4, siny, + B, cos ),

%, {asin (Y, +6) 4+ 8sin (Y, +¢)} = 5—, &, 8in Y,

Expanding the two last equations, comparing separately the
coefficients of cos 4, and sin vr,, and observing that

g'w :—;: = & guppose,
we get
4=uy'A,
B=y'B,
a cos e+ B coa e, = u'a,
asing+Bsing =0
In like mauner the two first equations of (22) will give
0=A4+4,-«sine~Bsine,
0==A-A,+q£bg’+g(ﬁcose,—acose),
0=B4 B +acose+ Scose—a,
0=B- B +; (Bsine,—qsina);
combining these with the systent (28), there results:

0=4+4, :
0=B+B,+{~1)e,

0=A-A,+gg~’+g(ﬁcose,-acose) . (24).

0=B-B,+3(dsine,~asine)
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Again, the systens (28) and (24) readily give
("" - 1)9

081n8==-"i *;;{;"i*a ,

acosesi.(u%-‘) q,

-l“b
’+l a%

vorernnes (28)
Bsine =4%. (b))

30033,5&0([&’“:)“‘ /

and therefore
@ W (n—-’)«t-(p’ 1
—iem—*"y
Coa (W) -0

When the refractive power in passing from the upper ¢o the
lower medium is not very great, u does not differ much from 1.
Hence, sine and sine, are small, and cose, cos e, do not differ
sensibly from unity; we have, thercfore, as a first approxima-
tion,

dibeveree (26)'

o 91 ai,n’ﬂ_ - cot 0‘
a _#in'f cotd sm 26 —sin 20, _fan @~ 9)
g “Eng  cotd, singdisn 29 tan (4 0,

a

sin’é, oot o

‘which agrees with the formula in Airy's Tracts, p. 858%, for light
polarized perpendicular to the plane of reflexion. This result is
only a near approximation: but the formula (26) gives the correct

valne of g—:, or the ratio of the intensity of the reflected to the

-

a

incident light; supposing, with all optical writers, that the in-
tensity of light is properly measured by the square of the actual
velocity of the molecules of the luminiferous ether,

From the rigorous value (26), we see that the intensity of the
reflected light never becomes absolutely null, but attains a mini-
mwum value nearly when

* {Airy, ubi sup. p. 110.]
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omy,'-%-, i, whentan (? 4 0 )=,

which agvees with experiment, ard this minimum value is. since

(217, gives lé”f"
b‘:
* _ 1V
éﬁ ) (p' =1} p _ - Y 28)
o 3 4“:‘#:_*?1‘)'4_‘_(”3__])“" *

W'+ 1Pt (W =1)

If w= -, as when the two media are air and water, we get

%zfgi nearly.

It i8 evident from the formula (28), that the magnitude of
thia minimum value increases very rapidly as the index of
refraction increases, so that for highly refracting subastances,
the intensity of the light reflected at the polarizing angle be-
comes very sensible, agreeably to what has been long since
observed by experimental philosophers. Moreover, an inspec-
tion of the equations (25) will shew, that when we gradually
increase the angle of incidence so as to pass through the polar-
izing angle, the change which takes place in the reflected wave
is not due to an alteration of the sign of the coefficient 8, but
to & change of phase in the wave, which for ordinary refract-
ing substances is very nearly cqual to 160°; the minimum value
of B being so small as to cause the reflecied wave sensibly
to disappear. But in strongly refracting substances like dia-
mond, the coefficient 8 remains so large that the reflected
wave doea not seem to vanish, and the change of phase is con-
siderably less than 180° "These vesults of our theory appear to
agres with the observations of Professor Airy, (Camb. Phil.
Trans. Vol. 1v, p. 418, &c.)

Lastly, if the velocity v, of transmission of a wave in the
lower exceed « that in the upper medium, we may, by suf-
ficiently augmenting the angle of incidence, cause the refracted
wave to disappear, and the change of phase thus produced in the

AN o
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reflectod wave moy readily bo found. As the caleulation is
extremely easy afier what precedes, it scems suilicient to give
the result, Let therefore, here, pz%’. ulso ¢, ¢, and @ as be
fore, then e, = — ¢, and the acuurate value of e is given by

N T s g~ M=) tan g
tanew=u ¥ g’ e’ U — sec? @ S
The first term of this expression agrees with the formula of
page 862, Airy’s Tracts®, and the second will be scarcely sensible
except for highly rcfracting substances,

¢ [iry, ubisup. p. 114, Art, 1331
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